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UNIFORMIZATION OF RIEMANN SURFACES REVISITED
CIPRIANA ANGHEL AND RARES¸ STAN
ABSTRACT. We give a short, self-contained proof of the uniformization theorem for simply-
connected Riemann surfaces.
1. INTRODUCTION
A Riemann surface is a connected complex manifold of dimension 1, i.e., a connected Hausdorff
topological space locally homeomorphic to C, endowed with a holomorphic atlas (we do not
have to assume second countability).
Uniformization theorem (Koebe [5], Poincare´ [8]). A simply-connected Riemann surface is
biholomorphic to either the complex plane C, the open unit disk D, or the Riemann sphere Cˆ.
A weaker result for domains in C, nowadays part of the standard undergraduate curriculum,
appeared for the first time in Riemann’s thesis [9]:
Riemann mapping theorem. A simply-connected domain strictly contained in C is biholomor-
phic to the unit disk.
The purpose of this note is to provide a short proof of the following result, which together with
the Riemann mapping theorem clearly implies the uniformization theorem:
Theorem 1. Every simply-connected Riemann surface is biholomorphic to a domain in Cˆ.
We use (with complete proofs) some results from Perron’s theory of subharmonic functions, and
Rado´’s theorem on the second countability of Riemann surfaces; for the fluency of the text, these
technical results are proved in the Appendix. The prerequisites are:
• the Schwarz lemma, Montel’s theorem on normal families of holomorphic functions, and
Riemann’s mapping theorem; we refer to [11] or [1];
• the Poisson integral formula on the unit disk (see [3, Ch. 22]);
• partitions of unity associated to open covers of second countable manifolds and integra-
tion of 1-forms along a smooth path; see [12];
• Sard’s lemma; see for instance [7];
• the Tietze extension theorem and the fundamental group pi1; see [6];
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2 CIPRIANA ANGHEL AND RARES¸ STAN
The history of the uniformization theorem is surveyed in the collective book [10]. Besides the
original papers of Koebe and Poincare´, complete proofs can be found in the monographs [2], [3],
[4]. We simplify the argument by avoiding the use of technical tools like singular cohomology,
sheaf cohomology, or Koebe’s 1
4
theorem. We hope that in this way, the uniformization theorem
becomes accessible to advanced undergraduates, thus filling a gap in the literature.
Acknowledgments. We would like to thank Prof. Sergiu Moroianu for his guidance. This work
was partially supported by an ANCS-UEFISCDI grant and the Bitdefender Junior Scholarship
program.
2. PERRON’S METHOD
A disk centered at x in a Riemann surface X is the preimage of the unit disk through a holomor-
phic chart ϕ : U −→ C mapping x to 0, with D ⊂ ϕ(U).
Definition 2. Let X be a Riemann surface. A continuous function u : X −→ R is called
subharmonic, respectively harmonic, if for every disk in X , the real number:
1
2pi
∫ 2pi
0
u(eit)dt− u(0),
is non-negative, respectively zero.
Recall the classical Poisson integral formula:
Theorem 3 (Poisson). Every continuous function f : S1 −→ R admits a unique continuous
extension u : D −→ R which is harmonic on D. Moreover, on D, u is given by the formula:
u(z) =
1
2pi
<
(∫ 2pi
0
f(eiθ)
eiθ + z
eiθ − zdθ
)
=
1
2pi
∫ 2pi
0
f(eiθ)
1− |z|2
|eiθ − z|2dθ.
In particular, any harmonic function u is the real part of a holomorphic function (since e
iθ+z
eiθ−z is
holomorphic in z) hence, it is real analytic and satisfies the Laplace equation ∆u = 0. Con-
versely, the real part of any holomorphic function is harmonic by Cauchy’s integral formula. It
follows that log |ξ| = < (log ξ) is harmonic.
Proposition 4. Let u be a continuous function on a Riemann surfaceX . The following definitions
are equivalent:
D1: u is subharmonic;
D2: (The maximum principle) For any harmonic function h on any open connected subset
U ⊂ X , either u+ h is constant on U , or it does not attain its supremum;
D3: For every disk D ⊂ X one has u ≤ u(D), where u(D) is the continuous function defined
using Theorem 3:
(1) u(D)(x) =
{
u(x) x ∈ X \D;
harmonic x ∈ D.
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We leave to the reader the easy proof of this proposition. Remark that the maximum principle im-
plies that a non-constant subharmonic function cannot attain its supremum. Thus the restriction
of a subharmonic function to a compact set attains its maximum on the boundary.
Remark 5. The definition D2 is local: a function which is subharmonic in the sense of D2
on a neighborhood of every point is globally subharmonic. We deduce that the function u(D)
constructed in (1) is subharmonic on X . Indeed, u(D) is clearly subharmonic on D and on
X \D. Let p be a point in ∂D. For every disk centered at p we get:
u(D)(p) = u(p) ≤ 1
2pi
∫ 2pi
0
u(eiθ)dθ ≤ 1
2pi
∫ 2pi
0
u(D)(eiθ)dθ.
Hence u(D) is subharmonic in a neighborhood of p as well, therefore subharmonic on X .
Definition 6. Let X be a Riemann surface. A set F of subharmonic functions on X is called a
Perron family if the following two properties are verified:
• If f, g ∈ F , then sup(f, g) ∈ F .
• If f ∈ F ,D is a disk, and f (D) is the subharmonic function defined by (1), then f (D) ∈ F .
Theorem 7. Let X be a (possibly not second countable) Riemann surface.
• (Perron’s principle) If F is a non-empty, locally bounded above Perron family on X , then
supf∈F f is harmonic.
• (Dirichlet’s principle) Let Y ⊂ X be a sub-manifold with (possibly non-compact) bound-
ary and m,M ∈ R. If f : ∂Y −→ [m,M ] is a bounded continuous function, then there
exists a continuous function f˜ : Y −→ [m,M ] which extends f , and is harmonic on ◦Y .
We prove this theorem in Appendix A and B. As a corollary we get:
Theorem 8 (Rado´’s theorem). Every Riemann surface X is second countable.
Proof. Let D,D′ be two disjoint closed disks in X . Consider Y = X \ (D ∪D′). By Dirichlet’s
principle (which does not require second countability), there exists a continuous function g :
Y → R, harmonic on ◦Y with g|∂D ≡ 0, and g|∂D′ ≡ 1. Since g is harmonic, the 1-form
∂g = 1
2
(
∂g
∂x
− i∂g
∂y
)
dz is holomorphic. Fix y0 ∈
◦
Y . For every path γ : [0, 1] −→ ◦Y with
γ(0) = y0, let G(γ) =
∫
γ
∂g. Then G is a well-defined, non-constant, holomorphic function
on the universal cover of
◦
Y , which must be second countable by Appendix C. This implies
immediately that both
◦
Y and X are second countable. 
3. GREEN FUNCTIONS
Proposition 9. Let K ⊂ X be a compact surface with smooth boundary. For every x0 ∈
◦
K
there exists a continuous function G : K \ {x0} −→ [0,∞) which is harmonic on the interior of
K \ {x0}, vanishes on ∂K, and has a logarithmic pole in x0 (i.e., G+ log |ξ| is continuous on a
neighborhood of 0, where ξ is a local holomorphic coordinate centered at x0).
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Proof. Consider a disk D centered at x0 with coordinate ξ, and let D 1
2
= {|ξ| < 1
2
} ⊂ D. From
Dirichlet’s principle we can define a continuous map h1 : K \D 1
2
−→ [0, 1] by:
h1(ξ) =

1 |ξ| = 1
2
0 ξ ∈ ∂K
harmonic, otherwise.
By the maximum principle, a = sup∂D1 h1 ∈ (0, 1) so we can take A,B > 0 such that:
Ba ≤ A ≤ B − log 2.
From this, it follows that the map:
h : D \D 1
2
−→ R, h(ξ) = sup(−Bh1(ξ), log |ξ| − A)
can be continuously extended to a subharmonic function on K \ {x0}, by setting it to be −Bh1
on K \D, and log |ξ| − A on D 1
2
.
Let F be the family of those continuous functions g : K \ {x0} −→ [0,∞) which are subhar-
monic on the interior, restrict to 0 on ∂K, and satisfy g + log |ξ| ≤ A in a neighborhood of x0
(depending on g). It is straightforward to check that F is a Perron family containing the map
α : D \{0} −→ R, α(ξ) = − log |ξ| extended with 0 outside the unit disk. Let us prove that F is
locally bounded. Take g ∈ F . Then g+h is subharmonic on the interior of K \{x0}. Near 0, we
have (g + h)(ξ) = g(ξ) + log |ξ| − A ≤ 0 while on the boundary of K, g + h vanishes. Hence,
from the maximum principle, we get g ≤ −h. Let G : K \ {x0} −→ [0,∞), G = supg∈F g.
It is harmonic on
◦
K by Perron’s principle, continuous on K, and vanishes on ∂K. Moreover
α ≤ G ≤ −h, so − log |ξ| ≤ G ≤ A− log |ξ| on D 1
2
and therefore G + log |ξ| is bounded near
0. The following lemma shows that G+ log |ξ| is actually continuous in 0, ending the proof. 
Lemma. Every harmonic function f : D∗ −→ R bounded near 0 extends continuously to a
harmonic function on D.
Proof. Using Theorem 3 f is smooth, so we can define the 1-form β = ∂f
∂x
dy− ∂f
∂y
dx. Since f is
harmonic, it follows that β is closed. Choose z0 ∈ D∗. The multi-valued map
g : D∗ −→ R; g(z) =
∫ z
z0
β,
defined by integration along a path from z0 to z, depends only on the homotopy class of the
chosen path. Let γ be the circle centered at 0 passing through z0. It is a generator of pi1(D∗), so
the map g is well-defined modulo aZ, where a =
∫
γ
β. Hence f + ig is well-defined modulo
iaZ. We claim that f + ig satisfies the Cauchy-Riemann conditions. Indeed,
∂g
∂y
(z) =
d
dt
∣∣∣∣
t=0
∫ z+it
z
(
∂f
∂x
dy − ∂f
∂y
dx
)
=
d
dt
∣∣∣∣
t=0
∫ t
0
∂f
∂x
(z + iθ)dθ =
∂f
∂x
(z).
The other condition is verified similarly. If a = 0, ef+ig is a well-defined holomorphic function
on D∗. Moreover, ef+ig is bounded near 0, thus its singularity in 0 is removable. Since D is
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simply-connected and
∣∣ef+ig∣∣ = ef > 0, we deduce that f = <(log ef+ig) extends harmonically
on D. Otherwise, if a 6= 0, we apply the same argument to the function e 2pia (f+ig). 
4. EXHAUSTION BY COMPACT SIMPLY-CONNECTED SUBMANIFOLDS
Let X be a simply-connected, non-compact Riemann surface and x0 ∈ X a fixed point.
Theorem 10. There exists a compact exhaustion of X
x0 ∈ K0 ⊂ K1 ⊂ ... ⊂ X, Kn ⊂
◦
Kn+1,
⋃
n≥0
Kn = X
with simply-connected surfaces with non-empty connected smooth boundary.
Proof. By Rado´’s theorem we can choose a countable locally finite cover of X by relatively
compact sets (Um)m∈N and a subordinated partition of unity (φm)m∈N. Define a smooth function
g : X −→ [0,∞), g(x) =
∑
m∈N
mφm(x).
For every integer m, g−1([0,m]) ⊂ suppφ1 ∪ ... ∪ suppφm is compact, hence g is proper
and unbounded above. By Sard’s lemma, there exists an increasing sequence of regular values
(an)n∈N with an → ∞ and we may suppose that a0 > g(x0). Consider Y ′n = {x ∈ X|g(x) ≤
an} and let Yn be the connected component of Y ′n containing x0. Obviously Y ′n ⊂ Y ′n+1, so
Yn ⊂ Yn+1. Since X is a connected manifold, it is path-connected so, for every x ∈ X , there
exists a path γ : [0, 1] −→ X with γ(0) = x0 and γ(1) = x. The set g(γ[0, 1]) is compact, so
g(γ[0, 1]) ⊂ [0, ak] for some k ∈ N. Then γ([0, 1]) ⊂ Y ′k and, by connectedness, γ([0, 1]) ⊂ Yk,
hence x ∈ Yk so
⋃
n Yn = X .
The compact sub-manifolds Yn are not exactly what we are looking for because they might have
’holes’, like an annulus in C (they are not holomorphically convex). The natural way to fill
these holes is to add those connected components of X \ Yn with compact closure. Since any
two components have distinct boundaries and the boundaries are subsets of g−1(an) (which is a
compact 1-manifold) we can define the compact sub-manifold Kn as the finite union of Yn with
these connected components. We can easily convince ourselves that
⋃
n∈NKn = X ,Kn ⊂
◦
Kn+1,
and Kn is connected (see picture).
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To finish the proof we have to show that pi1(Kn, x0) = 0. The idea is to find a retraction from
X to Kn. Let Z be the closure of a connected component of X \ Kn. First, we need to show
that ∂Z is connected. Assume by contradiction that there existed two components γ1 and γ2 of
∂Z. We take a point on each and connect them by smooth simple paths δ1 in Z and δ2 in Kn,
both transverse to γ1 and γ2 (the existence of such paths linking any two points on a Riemann
surface can be easily proved: the set of points which can be connected by a simple curve to a
given point is both open and closed). Moreover we can assume that δ = δ1 ∪ δ2 is smooth.
Then δ is diffeomorphic to S1 and we can consider a tubular neighborhood S1 × (−, ) ⊂ X
with coordinates (x, y), where x is the coordinate on the circle. Choose η : R −→ R a test
function such that supp η ⊂ (−, ) and ∫∞−∞ η(y)dy = 1. Define a closed 1-form ω ∈ Ω1(X)
by ω = η(y)dy, extended by 0 outside the tubular neighborhood. From the homotopy invariance
of the integral, we can assume that the intersection of γ1 with the tubular neighborhood is a
segment of type {x = constant}, hence ∫
γ1
ω = ±1. However X is simply-connected, therefore
the integral of any closed 1-form on a loop is 0, yielding the desired contradiction. Thus ∂Z is
connected, and we parametrize it by γ : [0, 1] −→ ∂Z ⊂ ∂Kn, where γ(0) = γ(1) = p.
Let δ be a simple path in Z starting at p escaping from every compact subset of Z. We cut Z
along δ to obtain a topological surface Z˜ with connected boundary ∂Z˜ = δ′ ∪ [p′, p′′] ∪ δ′′ (see
picture).
Let µ : ∂Z˜ −→ [0, 1] be the continuous function
µ(x) =
 0 x ∈ δ
′
γ−1(x) x ∈ γ \ {p}
1 x ∈ δ′′.
By the Tietze extension theorem, we can extend µ to a continuous function µ˜ : Z˜ −→ [0, 1]. Note
that the composition γ ◦ µ˜ takes the same value (namely p) on δ′ and δ′′, therefore it descends to
a well defined map ΨZ : Z −→ γ([0, 1]) ⊂ X:
Z˜

µ˜ // [0, 1]
γ // X
Z
ΨZ
55
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Now let ρn : X −→ Kn be the retraction which acts as the identity on Kn and equals ΨZ on
every connected component Z of X \Kn. Since the composition
Kn ↪→ X ρn−→ Kn
is the identity map, it induces the identity on the fundamental groups. But pi1(X) = 0, thus Kn
is simply-connected. 
5. LOCAL BEHAVIOR OF HOLOMORPHIC MAPS
Let f : X −→ Y be a non-constant holomorphic map between Riemann surfaces. Let x0 ∈ X .
Choose charts (η, U), (ψ, V ) centered at x0 and y0 = f(x0) respectively. Then ψ ◦ f ◦ η−1(z) =
zku(z) for some holomorphic function u, with u(0) = c 6= 0. Choose z0 6= 0. Let v(z) =
e
1
k
∫ z
z0
du
u . Then v(z)k = u(z)
u(z0)
. In the new chart on X defined by ϕ(p) = η(p)v(η(p)), we have
ψ ◦ f ◦ ϕ−1(z) = czk. In particular, it follows that f is open.
6. A HOLOMORPHIC EMBEDDING IN THE UNIT DISK
Theorem 11. Let K ⊂ X be a simply-connected compact surface with one smooth boundary
component. Then there exists a biholomorphism ϕ :
◦
K −→ ϕ( ◦K) ⊂ D.
Proof. Let G be the Green function from Proposition 9 and consider the 1-form given in holo-
morphic coordinates by ω = ∂G
∂x
dy − ∂G
∂y
dx ∈ Ω1( ◦K). One can easily check that it is invariant
under holomorphic changes of variables (in fact, this form is just JdG, where J is the almost
complex structure). Fix z0 in
◦
K \ {x0} and consider the multi-valued map
F :
◦
K \ {x0} −→ R; F (z) =
∫ z
z0
ω
defined by integrating along any smooth path from z0 to z. As above, the value of F (z) depends
only on the homotopy class of the chosen path. We claim that F (z) is well-defined modulo 2pi.
Take γ : S1 −→ ◦K \ {x0} an arbitrary loop with γ(1) = z0. Since
◦
K is simply-connected there
exists h : D −→ ◦K, a smooth extension of γ to the closed unit disk. We can assume x0 to be a
regular value for h (if not, consider a disk D centered at x0 which does not intersect γ. By Sard’s
lemma, there exists a regular value y0 for h inside D. Pick ψ :
◦
K −→ ◦K a diffeomorphism
which maps y0 to x0, and acts as the identity outside D. Then ψ ◦h is a new homotopy for which
x0 is a regular value). Hence h−1(x0) is a (possibly empty) finite set in the disk D. By pulling
back and using Stokes’ theorem, we get:∫
γ
ω =
∫
S1
h∗ω =
∑
q∈h−1(x0)
∫
Cq
h∗ω =
∑
q∈h−1(x0)
∫
h(Cq)
ω,
where the Cq’s are disjoint circles centered at q, for each q ∈ h−1(x0), chosen such that their
image through h lies inside a punctured disk D \ {x0}. Every circle Cq is homotopic in D \ {x0}
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to the circle |ξ| = r, where ξ is a local coordinate in a disk centered at x0 and r < 1 is a positive
number. Therefore the right-hand side is an integer multiple of
∫
|ξ|=r ω. From Proposition 9, we
know that H := G+ log |ξ| is harmonic on {|ξ| < 1}, hence, using Stokes’ theorem:∫
|ξ|=r
∂G
∂x
dy − ∂G
∂y
dx =
∫
|ξ|≤r
(
∂2H
∂x2
+
∂2H
∂y2
)
dx ∧ dy −
∫
|ξ|=r
xdy − ydx
x2 + y2
= −2pi.
This proves the claim that F is well-defined modulo 2pi, therefore ϕ = e−G−iF :
◦
K \{x0} −→ D
is holomorphic and well-defined. The singularity in 0 of such a function is removable, so we can
extend ϕ :
◦
K −→ D with ϕ(x0) = 0. Clearly, ϕ−1(0) = {x0}.
Let us prove that ϕ is injective. Let A be the set of those points x ∈ ◦K for which dϕx 6= 0
and the preimage ϕ−1(ϕ(x)) only contains x. First we prove that A is open. Let x ∈ A. By
continuity and using Section 5 we find a disk D centered at x where dϕ 6= 0 and on which ϕ
is injective. Suppose there existed sequences (xj)j∈N, (yj)j∈N ⊂
◦
K with xj 6= yj , xj → x and
ϕ(xj) = ϕ(yj). Since ϕ is injective on D, there exists a rank j0 such that for any j ≥ j0, xj ∈ D
and yj /∈ D. Since (yj)j≥j0 ⊂ K \ D, there exist y ∈ K \ D and a subsequence (yjk)k∈N such
that limk→∞ yjk = y. If y ∈
◦
K then we have ϕ(x) = ϕ(y), contradicting x ∈ A. Otherwise, if
y ∈ ∂K, we have |ϕ(yjk)| → e−G(y) = 1 while |ϕ(xjk)| → |ϕ(x)| < 1, contradiction.
Now we prove that A is closed in
◦
K. Let (xj)j∈N ⊂ A, with xj → p ∈
◦
K. If ϕ′(p) = 0,
then again by Section 5, in a suitable chart U near p, the map ϕ is given by z 7→ czk, for some
positive integer k ≥ 2. Let ζ 6= 1 be a k-th root of unity. Then, for j large enough, we have that
ϕ(xj) = ϕ(ζxj), which is a contradiction. Otherwise, suppose there existed another point q ∈
◦
K
with ϕ(p) = ϕ(q). Since ϕ is an open map, we can find two disjoint neighborhoods U 3 p and
V 3 q with ϕ(U) = ϕ(V ). But this means that, for j large enough, ϕ−1(xj) ∩ V 6= ∅, which is
again a contradiction. Hence A is closed in
◦
K.
To conclude that A =
◦
K, we are left to prove that A 6= ∅. Note that near x0 we have |ϕ(ξ)| =
|elog |ξ|−H(ξ)| = |ξ||e−H(ξ)|. Thus ϕ′(x0) 6= 0, so x0 ∈ A.
Since holomorphic maps are open, the injection ϕ is a biholomorphism on its image. 
Since ϕ(
◦
K) is simply-connected, by the Riemann mapping theorem we conclude that
◦
K is bi-
holomorphic to D.
7. PROOF OF THEOREM 1 IN THE NON-COMPACT CASE
For n ≥ 0, let φn :
◦
Kn −→ rnD be the unique biholomorphism with φn(x0) = 0 and φ′n(x0) = 1,
where rn is a positive number and the derivative is computed in a fixed coordinate near x0.
For every Riemann surface S, let O(S) be the space of holomorphic functions from S to C with
the topology defined by uniform convergence on compact subsets of S.
Lemma 12. Let (fn : D −→ C)n∈N be a sequence of injective holomorphic functions with
fn(0) = 0 and f ′n(0) = 1. Then there exists f ∈ O(D) and a subsequence fnk → f .
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We defer the proof of this lemma to Appendix D. Consider the holomorphic map gn : D −→ C,
gn(z) =
1
r0
φn ◦φ−10 (r0z). Clearly gn is injective, gn(0) = 0, and g′n(0) = 1. By Lemma 12, there
exists a convergent subsequence (gn0k)k∈N. Therefore (φn0k)k∈N converges on
◦
K0. Similarly,
from the sequence
(
1
r1
φn0k ◦ φ−11 (r1z)
)
k∈N
, extract a subsequence (φn1k)k∈N which converges
on
◦
K1. Repeating this process, we obtain the sequences (φnmk)k∈N which converges on
◦
Km.
Set φnk = φnkk . Now (φnk)k∈N converges on X to a holomorphic function φ : X −→ C. By
continuity φ′(0) = 1, so φ is non-constant. Let us show that φ is injective: suppose there existed
z1 6= z2 ∈ X with φ(z1) = φ(z2). Since φ is non-constant, there exists a circle C centered at z2
whose interior does not contain z1, and such that the difference φ− φ(z2) does not vanish on C.
Using the dominated convergence theorem, we get
lim
n→∞
1
2pii
∫
C
(φn(z)− φn(z1))′ (z)
(φn(z)− φn(z1)) (z) dz =
1
2pii
∫
C
(φ− φ(z1))′(z)
(φ− φ(z1)) (z)dz,
The first integral is zero, while the second one counts the number of zeros of the function φ −
φ(z1) in the disk bounded by C, which is at least 1, yielding a contradiction. Thus, φ is a
biholomorphism onto its image, ending the proof of Theorem 1 in the non-compact case.
8. THE COMPACT CASE
In order to prove that every compact simply-connected Riemann surface X is biholomorphic
to the Riemann sphere Cˆ, we will use the following well known fact: every compact simply-
connected surface is homeomorphic to the sphere S2. Fix a point p ∈ X . From the above
topological fact, X ′ := X \ {p} is a simply-connected, non-compact Riemann surface, and
so X is biholomorphic to either Cˆ or Dˆ. But the one-point compactification of D cannot be a
compact Riemann surface, since the identity map is non-constant but bounded, which is clearly
a contradiction. Therefore X is biholomorphic to Cˆ.
APPENDIX A. PROOF OF PERRON’S PRINCIPLE
Since family F is locally bounded above, thus we can define u : X −→ R, u = supf∈F f.
Our aim is to show that u is harmonic. Since harmonicity is a local property, it suffices to
prove that u is harmonic on a disk D ⊂ X . Let A = {z0, z1, ...} ⊂ D be a dense subset. For
each j, there exists a sequence (vjk)k∈N ⊂ F such that u(zj) = limk→∞ vjk(zj). Since F is a
Perron family, the map h1 = v
(D)
11 belongs to F , is harmonic on D, and h1 ≥ v11. Suppose we
constructed the functions {h1, ..., hn} ⊂ F harmonic on D such that hk ≥ hk−1 and hk ≥ vij
for all k ∈ {1, ..., n}, i, j ∈ {1, ..., k}. Pick hn+1 = sup(v11, v12, ..., hn)(D) ∈ F harmonic on
D, with hn+1 ≥ hn and hn+1 ≥ vij for any i, j ∈ {1, ..., n + 1}. Then hn(zj) ≥ vjk(zj) for all
n ≥ k ≥ j. Letting k →∞ in the previous inequality, we get:
lim
n→∞
hn(zj) = u(zj).
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Since (hn)n∈N is an increasing sequence, we can consider the Lebesgue measurable function
w : D −→ R, w = lim
n→∞
hn ≤ sup
g∈F
g|D = u|D .
By the dominated convergence theorem, for every disk D′ centered at a point x ∈ D we have
w(x) = lim
n→∞
hn(x) = lim
n→∞
1
pi
∫
D′
hn(z)dz =
1
pi
∫
D′
lim
n→∞
hn(z)dz =
1
pi
∫
D′
w(z)dz.
Here we used the mean property on disks for harmonic functions, which is an immediate conse-
quence of the definition. This implies easily that w is C0. Again by dominated convergence,
1
2pi
∫ 2pi
0
w(eit)dt =
1
2pi
∫ 2pi
0
lim
n→∞
hn(e
it)dt = lim
n→∞
1
2pi
∫ 2pi
0
hn(e
it)dt = lim
n→∞
hn(x) = w(x)
thus showing that w is harmonic. We claim that w = u.
Since hn ∈ F for any n ∈ N, then hn ≤ u, so w ≤ u. But w(zj) = u(zj) for all j ∈ N, hence
w ≥ v on the dense subset A ⊂ D for every v ∈ F . Since F is a family of continuous functions,
it follows that w ≥ v for any v ∈ F , therefore w ≥ u, which ends the proof.
APPENDIX B. PROOF OF DIRICHLET’S PRINCIPLE
If f is constant, the conclusion is clear, otherwise let m < M be the infimum, respectively the
supremum of f on ∂Y . Consider the family F of continuous functions g : Y −→ [m,M ] which
are subharmonic on the interior of Y with g|∂Y ≤ f . The first condition for F to be a Perron
family is evident. Let g ∈ F and D′ a disk in Y . Using Remark 5, g(D′) is subharmonic. By
the maximum principle, g(D′) still takes values in [m,M ]. Thus g(D′) ∈ F . Now F 6= ∅ since it
contains the constant function m. Let F = supg∈F g. By Perron’s principle, F is harmonic on
◦
Y .
We must prove that for every x ∈ ∂Y , limξ→x F (ξ) = f(x). Let us first show that
lim infξ→x F (ξ) ≥ f(x). If f(x) = m, there is nothing to prove, hence let us suppose that
f(x) > m. We work in a disk D ⊂ X centered at x with local coordinate ξ.
Fix  > 0 such that f(0) −  > m. There exists 1 > δ > 0 such that for every ξ ∈ ∂Y with
|ξ| < δ we have f(0) −  < f(ξ). Consider the exterior normal to ∂Y at x = 0. Take a circle
centered at a point p on this normal, of radius r small enough such that it touches Y only in 0.
Choose t > 1 such that log 1
t−1 + f(0) −  < m and set R = rt. By decreasing r if needed, we
can assume that R < δ. Clearly, |p| ≤ |ξ − p| for every ξ ∈ Y ∩D. Define
u : D → [m,∞), u(ξ) = max
(
m, log |p||ξ−p| + f(0)− 
)
.
Notice that u is the maximum of two harmonic functions, hence subharmonic. When |ξ| is close
to 0, u(ξ) = log |p||ξ−p| + f(0) − , while for |ξ| ≥ R, u(ξ) = m. Hence u can be continuously
extended (by the constant value m) to Y ∪D, and is subharmonic on ◦Y . It is straightforward to
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check that u|Y belongs to the family F . Thus, for small |ξ|, we get:
F (ξ) ≥ u(ξ) = log |p||ξ−p| + f(0)− .
Since  was arbitrarily small, we obtain lim infξ→0 F (ξ) ≥ f(0). We now prove that
lim supξ→0 F (ξ) ≤ f(0). If f(0) = M , this is clear. Otherwise, take  > 0 such that
f(0) +  < M . As above, consider t > 1 and R = rt such that − log 1
t−1 + f(0) +  > M , and
f(ξ) < f(0) +  for |ξ| ≤ R. Define
U : D → (−∞,M ], U(ξ) = min
(
M,− log |p||ξ−p| + f(0) + 
)
.
Notice that U is the minimum of two harmonic functions, thus−U is subharmonic. Also U(ξ) =
M for |ξ| > R, U(ξ) = − log |p||ξ−p| + f(0) +  for small |ξ|, U ≥ m, and U(ξ) ≥ f(ξ) on ∂Y .
For every g ∈ F , the continuous function g − U is non-positive on the boundary of the compact
domain {|ξ| ≤ R} ∩ Y and subharmonic in the interior. By the maximum principle it follows
that on this compact set g ≤ U , hence F ≤ U . Thus for small |ξ|,
F (ξ) ≤ − log |p||ξ−p| + f(0) + .
Therefore lim supξ→0 F (ξ) ≤ f(0), showing that limξ→0 F (ξ) exists and equals f(0).
APPENDIX C. SECOND COUNTABILITY IN THE PRESENCE OF A HOLOMORPHIC FUNCTION
Let us prove that if there exists a non-constant holomorphic function f : X −→ C, then the
Riemann surface X is second countable.
Let B be a countable basis of topology for C. Let A be the set of those connected components
of each f−1(U), U ∈ B, which are second countable. We claim that A is a basis of topology
for X . Indeed, let D ⊂ X be an open set and x ∈ D. By the identity theorem for holomorphic
functions, f−1 (f(x)) is discrete, hence there exists an open neighborhood W of x, relatively
compact in D, such that W ∩ f−1 (f(x)) = {x}. We have that f (∂W) is compact in C. Since
f(x) /∈ f (∂W), there exists U ∈ B which contains f(x) such that U ∩ f (∂W) = ∅. Let V be
the connected component of f−1(U) which contains x. Since V ∩ ∂W = ∅, we get that V ⊂ W ,
hence V is second countable. We found x ∈ V ⊂ D, with V ∈ A, therefore the claim is proved.
We next prove that A is countable.
Each V ∈ A intersects countably many other elements inA. Otherwise, there would exist U ∈ B
such that V intersects uncountably many connected components of f−1(U). It would follow that
V contains uncountably many disjoint open subsets, which is a contradiction.
Consider V0 ∈ A. There exists a countable number of open sets from A which intersect V0,
denote their union with V0 by V1. For k ≥ 1, define Vk+1 as the union of Vk with those open sets
in A which intersect Vk. By induction, Vk is countable. It is clear that ∪k≥1Vk is both open and
closed, hence ∪k≥1Vk = X . Therefore all the open sets from A appear in this process, so A is a
countable union of countable sets, hence countable.
12 CIPRIANA ANGHEL AND RARES¸ STAN
APPENDIX D. COMPACTNESS OF FAMILIES OF HOLOMORPHIC FUNCTIONS
Proof of 12. Denote by rn = sup{r ∈ R : rD ⊂ fn(D)}. Let an ∈ ∂(rnD) \ fn(D). From
the Schwarz lemma for the function f−1n |rnD , it follows that |an| = rn ≤ 1. By extracting a
subsequence, we can assume that (an)n∈N is convergent. Consider the function gn : D −→ C,
gn = a
−1
n fn. It is easy to see that D ⊂ gn(D) and also 1 /∈ gn(D). Since gn is holomorphic and
injective, it follows that gn(D) is simply-connected, hence we can construct
ψn : gn(D) −→ C∗ ψn(z) = ie 12
∫ z
0
dw
w−1 .
Then ψn(0) = i and ψ2n(z) = z − 1 for z ∈ gn(D). Since ψ2n is injective, the image of ψn cannot
contain pairs of the form (w,−w). Thus, there exists a disk D centered at −i disjoint from the
image of ψn for every n. Define hn = ψn◦gn : D −→ C\D. There exists 0 < r <∞ so that the
Mo¨bius transformation α(z) = 1
z+i
maps C\D into rD. Using Montel’s Theorem and relabeling
the sequence, we can assume that α ◦ hn converges to a holomorphic map h : D −→ rD. If h is
non-constant, it is open by Section 5, hence it maps D to rD. Thus we can compose it with the
inverse transformation α−1. Otherwise, h equals the constant 1
2i
. In both cases, hn converges to
α−1 ◦ h, thus fn = an (1 + h2n) converges in O(D). 
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